Abstract : We present a practical method for reconstructing the optical system of the human eye from off-axis wavefront measurements. A retinal beacon formed at different locations on the retina allows probing the optical structure of the eye by the outgoing beams that exit the eye through the dilated pupil. A Shack-Hartmann aberrometer measures the amount of wave aberrations in each beam at the exit pupil plane. Wavefront data obtained at different oblique directions is used for tomographic reconstruction by optimizing a generic eye model with reverse ray-tracing. The multiconfiguration system is constructed by tracing pre-aberrated beams backwards from each direction through the exit pupil into the optical system of the aberrometer followed by the generic eye model. Matching all wave aberrations measured at each field point is equivalent to minimizing the size of the beacon spots on the retina. The main benefit of having a personalized eye model is the ability to identify the origin of the ocular aberrations and to find the optimal way for their correction.
Introduction
The imaging quality of any optical system can be characterized in terms of wave aberrations, which are usually expanded into orthonormal Zernike functions defined over a circular aperture [1] . In order to express the wavefront as a set of discrete aberrations, one needs to estimate Zernike coefficients. In visual optics, there is a standard for arranging Zernike functions and their coefficients [2] . A set of Zernike coefficients indicates the amount of various aberration types present in the wavefront for a given direction that corresponds to a single field point. As a rule, aberrations vary across the field, therefore one needs to use different sets of Zernike coefficients to describe each isoplanatic patch of the field. In astronomy, the latter is usually defined as an area of the field where the variation of the rootmean-square (RMS) wavefront error between any two points does not exceed 1 rad [3] . We shall use this definition of the isoplanatic patch. Rotationally symmetric optical systems exhibit symmetric distribution of field aberrations that can be characterized in annular zones of the field [4] , whereas for the optical systems that lack any type of symmetry, e.g. the human eye, the characterization of image quality involves larger number of field points. Knowing the isoplanatic patch could help to find the optimal number of reference points required for modeling the imaging properties of the system. In the case of system reconstruction, one should position the probing sources within the angular distance comparable with the size of the isoplanatic patch.
Once the field aberrations are known, the major factors limiting optical performance can be identified and in some cases their origin can be understood, which in turn could assist finding the best possible way for image enhancement. Another advantage of obtaining a detailed description of wave aberrations across the field is the ability to reconstruct the unknown optical parameters of the system. The number of reference field points necessary for such tomographic reconstruction can be greatly reduced if some prior knowledge is available for the system under consideration. The human eye is a good example of the optical system with prior knowledge on its typical structure, which is represented by age-dependent generic eye models [5] . The latter can be optimized to fit the measured wave aberrations at all reference points in the field. Optimization allows one to reconstruct a subject-specific eye model, which accurately predicts aberrations at the reference field points as well as within the whole field. Reconstruction of a full set of optical parameters of the eye is a more economical description of field aberrations than the large number of sets of Zernike coefficients required for wide fields.
The main goal of this paper is to present a method of reconstructing the optical system of the eye from wavefront measurements obtained within the central part of the visual field.
The principle of reconstructing the optical system of the eye with reverse ray-tracing
The Shack-Hartmann (SH) wavefront sensor is widely used in astronomical adaptive optics [6-8], atmospheric optics [9] , optical testing and metrology [10, 11] , and more recently in ophthalmology [12, 13] for measuring wavefront distortions [14, 15] . We have incorporated the SH wavefront sensor in our aberrometer in order to study the variation of the ocular aberrations in the central visual field [16] . The optical layout of the wavefront sensing arm of the aberrometer is presented in Fig.1 . A laser diode (emitting light at wavelength λ=677 nm) in conjunction with a lens forms a collimated beam (shown in red), which after passing through a pinhole enters the eye and generates a reference source on the retina. The pinhole is decentred so that the beam enters the eye near the center of the pupil without producing any visible back reflection. The outgoing beam (shown in blue) probing the optical structure of the eye passes through a fully dilated pupil and then enters the sensing arm in the aberrometer. A Badal system accompanied by re-imaging identical doublets that conjugate the pupil with a lenslet array, where the distortion of the beam is measured. The eye fixates at different points in the field by viewing a fixation target at an oblique angle (up to 5 deg) with respect to the optical axis of the aberrometer. -visual target, 5 -collimating lens, 6 -human eye, 7 -pellicle beamsplitter, 8 -Badal focusing lens, 9 -Badal pick-off mirrors, 10 -Badal collimating lens, 11,12 -pupil reimaging lenses, 13 -exit pupil (lenslet array).
The axial position of the flat mirrors in the Badal system is adjusted to remove the best sphere (defocus term) in the central beam. This is a simple way to increase the dynamic range of the SH wavefront sensor without introducing any noticeable intrinsic aberrations into the measurements thanks to the ability of the achromatic doublet 8 to operate well in slightly converging or diverging beams. Additionally, the lenslet array together with the CCD is rotated at 45 degrees to the horizontal meridian of the eye, since it is anticipated that in the majority of cases astigmatism will be at meridians typically close to either 0 or 90 degrees. This helps to extend the dynamic range of the SH sensor for astigmatism; there are other methods to enlarge the dynamic range [17] . The square lenslet array provides 16 subapertures across a 6-mm beam. The wavefront aberrations measured by the SH sensor at the exit pupil are converted into 20 Zernike terms (up to the 5th order). Simultaneous imaging of the iris edge via the IR channel enables us to determine the pupil center independent of the SH spot position. The series of wavefront measurements obtained for different fixation positions of the eye form the basis for reconstructing the optical parameters of the eye. Figure 2 schematically depicts the coverage of the central field by five probing beams (color scale given in microns). The main principle of reconstructing the optical system of the eye is schematically shown in Fig. 3 . The probing beam created from a reference source on the retina exits the eye and traverses the aberrometer sensing arm until it reaches the exit pupil, where the lenslet array is replaced by an imaginary phase plate. The phase plate with its shape derived from the SH sensor measurements plays a role of a corrector that transforms the aberrated wavefront into a flat wavefront. Due to reciprocity of propagation of light a collimated beam entering the phase plate from the opposite direction, as can be seen in Fig. 3 (b) , becomes pre-aberrated so that it will be focused into a compact spot by the optical system of the eye. The spot spread is defined by the angular extend of the reference source, which is assumed to be unresolved and comparable in size with a diffraction-limited spot of a 1.5 mm beam focused on the retina. The condition of achieving a compact spot in the image is one of the common optimization criteria well-presented in optical design programs, such as OSLO, Zemax and Code V, which one could use to recover the missing optical parameters of the eye model. Initially we start with a generic eye model, which is optimized into a subject-specific model. Fulfilling the condition of minimal spot size simultaneously for on-axis and off-axis beams as shown in Fig.  3 (b), enables reconstruction of the optical structure of the eye. Using several beams at oblique angles helps to discern the optical parameters owing to their different involvement in the focusing of the off-axis beams.
For example, the front surface of the cornea and the posterior surface of the crystalline lens are located at some distance from the pupil, hence they will cause field-varying aberrations, whereas the anterior surface of the lens can only be responsible for ocular aberrations that are constant across the field. Obviously the larger the angle between the probing beam the better coverage of the marginal areas of the optical surface will be. This in turn makes it easier to disentangle the interrelated optical parameters that give almost identical contributions to the aberration in the axial beam. For example, changing the asphericity of the front corneal surface might lead to a similar reduction in ocular spherical aberrations as that produced by reshaping the lens structure alone. This ambiguous nature of ocular aberrations limits the effectiveness of the reconstruction with one axial beam [18] . The availability of the off-axis measurements does not always guarantee success in the reconstruction process. Major difficulties arise from the unknown distribution of the refractive index in the crystalline lens and the variability of the tear film profile. The impact of the tear film can be reduced by taking several measurements for each direction and then selecting the most consistent data that corresponds to a more representative state of the tear film. The general strategy for optimizing the optical parameter in the generic eye model with a gradient index (GRIN) lens is presented in the next section. 
Optimization of the generic eye model
Constructing an average (generic) model of the human eye is very difficult task due to considerable variations in the reported data of the dimensions and refractive index of the crystalline lens. The optical parameters of the eye, including the radii of curvatures and asphericities of the surfaces, their relative position and orientation, and the index of refraction of different media show some changes with age. There are also differences associated with ethnicity and gender. The magnitude of ocular aberrations is affected by the degree of accommodation of the lens and the pupil size defined by the iris radius. In spite of large intersubject variability, benefits are still possible from using a generic model as a starting design for deriving a personalized eye model under certain assumption about the age and the accommodation state. For aged eyes with cataracts present in the crystalline lens, noninvasive methods to measure ocular aberrations might not be applicable.
There have been a large number of eye models developed to study the optical performance of the human eye. Each model is usually suitable for modeling only one particular feature, for example spherical and chromatic aberration [19] , astigmatism [20] , light distribution on the retina [21] , accommodation [22, 23] , off-axis aberrations [24], aging effects [25], anatomical structure of the crystalline lens [26, 27] . Using our previous work on wide-field eye models with a gradient index lens [5] , which also include aging effects, we start with the following model for a typical 30-year old eye. Figure 4(a) shows the optical layout of the generic eye model featuring an unaccommodated state. The optical parameters of the model are presented in Table 1 . In accordance with the study by Barbero [28] , the tear film is modeled as a 4-µm thin layer of constant refractive index (n=1.337). At the initial stage of optimization of the eye model, it is assumed that the tear film has constant thickness so that it replicates the shape of the cornea. This approach enables us to obtain an average shape of the tear film with local deformations represented by 36 Zernike coefficients [2] . The more wavefront data we can incorporate into modeling, the better the averaging of the time-varying irregularities in the tear film will be. In light of this, we incorporate nine wavefronts (each being an average of two measurements obtained immediately after different blinks of the eye). Figure 4(b) shows the corresponding nine field points used for eye fixation during wavefront measurements with the aberrometer. For each measurement, we use the mean Zernike coefficients of reconstructed wavefronts obtained from 20 consecutive frames captured over a period of about 2 seconds [16] . A single frame represents an array of x-and y-wavefront slopes estimated from the displacements of the Shack-Hartmann spots on the detector. Using multiple frames reduces the effect of background noise and also helps to average out the effect of the tear film evolution during the 2-second period of the wavefront measurement. At the final stage of the optimization, once the average model of the eye has been established, one might re-optimize the thickness of the tear film to achieve a better match to ocular aberrations measured in a given direction. This procedure would allow the topography of the tear film to be reconstructed in a single measurement.
Before describing the optimization process in detail, we shall outline the general principle of fitting the eye model to the experimental wavefront data, which is affected by noise from the wavefront sensor and the live imaging of the eye (fluctuations of ocular aberrations due to the tear film and other dynamic physiological processes). A recently proposed mathematical approach based on likelihood estimation of ocular parameters that maximizes the probability of generating the observed data is described in [29] . The key strategy for a successful reconstruction of the eye is a good starting point for the model optimization. Here we demonstrate a new method to adapt the generic model to a personalized model representing more closely the real eye structure of the individual. At a later stage, one could use the maximum likelihood approach to refine the reconstructed eye model by taking into account the major sources of randomness that have an effect on wavefront measurements.
It is essential to include the aberrometer optical setup into modeling, since we need to account for instrumental errors and pupil aberrations that occur when imaging the pupil of the eye onto the SH lenslet array. Ocular parameters with similar influence on the basic imaging properties of the eye are arranged into pairs. During the optimization process we balance the interrelated parameters against each other in order to keep them within the expected range. For example the amount of defocus (refractive error) can be adjusted by varying either the vitreous depth (parameter d 4 ) or the surface refractive index of the lens n 3 (for the generic model n 3 =1.361). It is not always possible to form well-balanced pairs; some optimization parameters might lack their equivalents or have several counterparts. For instance the curvature of the retinal surface and field curvature are directly related, while the curvatures of the refractive surfaces contribute to the latter in an accumulative way. Similarly the asymmetry of the corneal surface responsible for astigmatism is difficult to balance with another refractive surface in the eye, but might be partly compensated by the integral contribution of the GRIN lens. This is also true for other figure errors of the cornea. Balancing the topography of the cornea with that of the lens might lead to unrealistic shapes for both; therefore at this preliminary stage we avoid optimizing the topography of the lens. For simplicity, we assume that the lens has a rotationally symmetric shape. In some cases, the interrelated parameters have different strength of influence on a specific imaging characteristic. For example, the amount of spherical aberration can be effectively adjusted by varying either the asphericity of the anterior corneal surface or the posterior surface of the lens. Alternatively one can also use the coefficient of the GRIN function term r 4 for bringing spherical aberration in line with measurements. The impact of the asphericities of the posterior surface of the cornea and the anterior surface of the lens is less significant due to their low optical powers. In order to simplify the optimization process, we do not vary the parameters with a relatively weak impact and keep their original values as defined in the generic eye model.
One could narrow down the search for an optimal combination of ocular parameters by examining their relation to ocular aberrations and other characteristics such as the equivalent optical power of the eye, peripheral refractive errors [30] and the Petzval curvature. We will investigate the interplay of ocular parameters and their significance to imaging properties of the eye more thoroughly in future studies. We also intend to incorporate wider field angles for probing the ocular aberrations, which should facilitate distinguishing high-order aberrations of the cornea from those occurring in the crystalline lens. Due to current limitations in the optical arm with the fixation target not visible outside 10 deg field we could not probe the eye at large angles; however for large oblique angles the pupil of the eye will become elliptical due to perspective elongation. This effect might ultimately reduce the accuracy of wavefront measurements.
Personalized eye model: numerical example
In order to reduce the number of interrelated parameters, we utilized biometric measurements along with wavefront data for the eye reconstruction. Here we give an illustrative example for one subject (26 year old female) A commercially available instrument the Zeiss IOLMaster (Carl Zeiss Ltd, Welwyn Garden City, Hertfordshire, UK) was used to measure the central corneal curvature (r 1 =7.77 mm), the anterior chamber depth (d 1 +d 2 =3.64 mm) and the total axial length of the eye (23.38 mm) with axial length resolution of 0.01 mm. For optimization stability, we kept the following ocular parameters of the generic model unchanged: the corneal thickness (d 1 = 0.55mm), the radius of curvature (r 2 =6.52mm) and its asphericity (c 1 = −0.1 and c 2 = −0.3), the thickness of the lens (d 3 =3.69mm) and its anterior asphericity (c 3 = −1), as well as all refractive indices except for the GRIN function. The latter was optimized together with the other parameters of the eye. The resulting shape of the GRIN lens with its external radii of curvature r 3 =11.8 mm and r 4 = −7.6 mm is different from that of the generic model. The refractive index at the lens surface is n 3 = 1.368 and the range ∆n= 0.042. The GRIN function is found analytically based on the external shape of the lens [5] as The tilt of the visual axis (α x = −3.6 deg, α y = 1 deg) with respect to the optical axis of the lens was balanced against the lateral shift of the iris (∆ x = −0.3 mm, ∆ y =0), where x and y represent the horizontal and vertical meridians, respectively. For simplicity, we assumed that the retina is centered on the optical axis of the lens selected as our reference axis. The retinal radius of curvature was fixed at r 5 = −12.5 mm to stabilize the optimization of the personalized model.
The corneal topography is represented by a set of 36 Zernike polynomials defined over a 6.4 mm circle. We follow the ophthalmic convention [2] when numbering Zernike polynomials. The tip and tilt terms Z 1 = −0.103 and Z 2 = −0.045 are equivalent to x-and y-tilt of 3.7 deg and 1.6 deg, respectively. The posterior corneal surface was made concentric to the anterior surface, so that both surfaces have identical x-and y-tilts. We excluded all terms that can potentially modify the corneal curvature and asphericity such as defocus term Z 4 , spherical aberration Z 12 , and higher-order spherical aberration Z 24 . Figure 6(a) shows all the Zernike coefficients calculated for the ophthalmic convention [2] , while Fig. 6(b) depicts the topographical map of the anterior corneal surface being an average of 18 wavefront measurement, see section 3. The low-order Zernike terms are within the range ±3 microns, which is consistent with a large study of topography of the normal cornea by Navarro et al. [31] . It would be interesting to compare the reconstructed shape of the cornea with a direct measurement using a corneal topographer. This is the topic for our future study. The asymmetric structure of the personalized right eye is presented in Fig. 7 . The rays shown in blue color constitute the beam that emanates from the center of the fixation target; the central ray plays a role of the visual axis. The red beam originated from the marginal point on the target at 5-deg off-center on the temporal side reaches the central part of the retina. This is due to the tilt of the visual axis (α x = −3.6 deg) and the lateral shift of the iris center by 0.3 mm from the optical axis of the lens. In this regard, it should be noted that the angle between the visual axis and the normal to the corneal surface is only 0.1 deg in the horizontal meridian. The entrance diameter of the beams is 6 mm (defined by the aberrometer optical setup), which corresponds to the 5.4 mm diameter of the iris. It is worth mentioning one interesting observation made during the optimization process. The merit function can be improved by approximately 5% if the corneal asphericity c 1 = −0.1 is used as a variable. In this case the tilt of the visual axis is reduced to 1 deg and the coefficient from the GRIN function term r 4 becomes comparable with that of the generic model, however the conic constant c 1 becomes positive and its value reaches 0.6, which seems to be unrealistic for the corneal shape [32] . It is evident that the personalized eye has a large amount of defocus (refractive error). The equivalent optical power is 61.7 D, which is higher than the typical optical power of an unaccommodated eye (60 D). As a result, the best focus is located at some distance before the retina (about 1 mm for a 6 mm beam), that is characteristic of myopia. Using the personalized eye model we can compare its prediction of the ocular aberrations with the original wavefront measurements. Figure 8 shows five pairs of phase maps for different directions in the horizontal meridian. The average RMS fitting error of the model is 0.2 microns for all nine field points (including vertical meridian). To improve the goodness of the fit, we could measure the corneal shape directly with a corneal topographer, and we hope to do this in future work. Alternatively, one could perform more measurements for each direction in the visual field and by averaging reduce the effect of the tear film. The current spatial resolution of the aberrometer (21 Zernike terms) is quite limited and it might also contribute to the fitting error [33] . We plan to develop a new aberrometer system with higher spatial resolution and wider angle of fixation. Measuring ocular aberrations simultaneously at several field points might be more time effective, especially in view of a large number of measurements necessary to average out the effect of the tear film. We also plan to account for irregularities in the crystalline lens using a phase screen approach [34] and explore other GRIN lens models [35] . Figure 9 (a) shows a typical field aberration map (10 x 10 degrees) estimated as RMS wavefront error over 6-mm beam for each direction using forward ray tracing. The field map is centered on the visual axis and includes defocus term, which is the major factor degrading image quality. Figure 9(b) shows the field aberration map with the defocus term removed by means of an adaptive optics (AO) corrector conjugated to the pupil plane of the eye (the iris). In this case, the topography of field aberrations in the central area becomes complex with no indication of rotational symmetry. This is due to interplay of several terms such as spherical aberrations, coma, trefoil coma, astigmatism and field curvature, all varying across the field at different rates. In order to illustrate how these field aberrations are related to the isoplanatic patch of the eye, we consider a case of AO correction preformed on the visual axis. Two contours indicating Strehl ratio are shown in the center of the field map in Fig. 9(b) . The Strehl ratio (SR) and the RMS wavefront error W (measured in rad) are related simply as SR=exp(− W 2 ) , that is at the boundary of the isoplanatic patch, W = 1 rad and SR = 0.37. The central contour represents a diffraction-limited area with SR>0.8, while the second contour indicates the isoplanatic patch, where SR>0.4. We assume here again that the AO corrector is optically conjugated to the pupil and there are no intrinsic aberrations in the imaging system. The isoplanatic patch is approximately 2.8 degrees. Our results are comparable with an earlier study [36] , in which the estimated isoplanatic patch was within the range of 2-4 degrees. It is worth noting that the isoplanatic patch predicted from the personalized model is an average estimate, since the contribution of the tear film is reduced. In view of the fact that the tear film is located at some distance from the pupil, the isoplanatic patch might undergo some variations under real conditions (from blink to blink of the eye). It is our intention to investigate the optical effect of the tear film and its impact on the isoplanatic patch. 
Conclusion
We have presented a method of reconstructing the optical system of the eye from wavefront measurements by using reverse ray tracing. The optimization of a generic eye model is considered and the main strategy of balancing interrelated ocular parameters is outlined. The numerical example of reconstructing a subject-specific eye model is presented. The field aberrations predicted by the eye model are consistent with the wavefront measurements; the average RMS fitting error of the model is 0.2 microns. We expect that direct measurements of the anterior surface of the cornea obtained with a corneal topographer could potentially improve the goodness of the fit. This might also help to disentangle high-order aberrations of the cornea from those occurring in the crystalline lens. Ultimately, one could gain from personalized eye models a better insight of the aberration compensation mechanism in the human eye [37] . The ability to predict field aberrations using the reconstructed eye model is essential for wide-field compensation of ocular aberrations [38] 46] . The reconstruction of the crystalline lens and its GRIN structure provides an in vivo method to study the lens growth and age-related changes, which complements the existing in vitro methods [47, 48] . complimentary might be a Personalized eye models could be of great help for improving the optical performance of various visual and imaging instruments [49] [50] [51] as well as for wavefront-guided refractive surgery [52] .
